Abstract. Let S be an inverse semigroup with an upward directed set of idempotents E. In this paper we define the module topological center of second dual of a Banach algebra which is a Banach module over another Banach algebra with compatible actions, and find it for ℓ 1 (S) * * (as an ℓ 1 (E)-module). We also prove that ℓ 1 (S) * * is ℓ 1 (E)-module amenable if and only if an appropriate group homomorphic image of S is finite.
introduction
The first author in [1] introduced the concept of module amenability and showed that for an inverse semigroup S, the semigroup algebra ℓ 1 (S) is module amenable as a Banach module on ℓ 1 (E), where E is the set of idempotents of S, if and only if S is amenable (see also [2] ). The first and third authors showed in [3] that ℓ 1 (S) is weak module amenable, for each commutative inverse semigroup S. In [19, 20] the concept of Arens module regularity is introduced and it is shown that when S is an inverse semigroup with totally ordered subsemigroup E of idempotents, then A = ℓ 1 (S) is module Arens regular if and only if an appropriate group homomorphic image S/ ≈ of S is finite. When S is a discrete group, we have S/ ≈= S.
In part two of this paper, we define the module topological center of second dual A * * of a Banach algebra A which is a Banach A-module with compatible actions on another Banach algebra A. We show that if an inverse semigroup S has an upward directed set of idempotents E, for the semigroup algebra ℓ 1 (S) as an ℓ 1 (E)-module, the module topological center of ℓ 1 (S) * * is ℓ 1 (S/ ≈). This could be considered as the module version (for inverse semigroups) of a result of Lau and Losert [17] which asserts that for any locally compact group G, the topological center L 1 (G) * * is the same as L 1 (G), a fact which is also proved (using a different proof) by Lau and Ulger in [18] . The existing semigroup versions of this result usually assume cancellation type properties. For instance, in [13] , Lau showed that for any discrete weakly cancellative semigroup S, the topological center of ℓ 1 (S) * * is ℓ 1 (S). For the locally compact case, it is shown by Bami in [15] that for a locally compact, Housdorff, cancellative, foundation topological *-semigroup with identity, such that C −1 D is compact for any compact subsets C and D of S, we have Z t (M a (S) * * ) = M a (S), where M a (S) denotes the space of all measures µ ∈ M (S) (the space of all bounded complex Radon measure on S) for which the mappings x → |µ| * δ x and x → δ x * |µ| from S into M (S) are weakly continuous. There are similar results by Filali and Salmi [8] for the Beurling algebra of a weakly cancellative, right cancellative, discrete semigroup with a diagonally bounded weight.
In part three, under some mild conditions, we show that module amenability of the second dual Banach algebra implies the module amenability of the algebra. we show that ℓ 1 (S) * * is ℓ 1 (E)-module amenable if and only if S/ ≈ is finite. For the bicyclic semigroup C, we show that C/ ≈≃ Z and conclude that ℓ 1 (C) * * is not module amenable. Since C is an amenable semigroup, we already know that ℓ 1 (C) is module amenable. The fact that amenability of A * * implies amenability of A is first proved by Gourdeau in [10] . Different proofs are provided by Ghahramani, Loy and Willis in [9] . Also it was first proved in [9] that for a locally compact group G, the amenability of L 1 (G) * * implies that G is finite. We are not aware of any similar result for semigroups.
Module Topological Center
Throughout this paper, A and A are Banach algebras such that A is a Banach A-bimodule with compatible actions, that is
Let X be a Banach A-bimodule and a Banach A-bimodule with compatible actions, that is
and the same for the right or two-sided actions. Then we say that X is a Banach A-A-module. If moreover
then X is called a commutative A-A-module. If X is a (commutative) Banach A-A-module, then so is X * , where the actions of A and A on X * are defined by
and the same for the right actions. Let Y be another A-A-module, then a A-A-module morphism from X to Y is a norm-continuous map ϕ : X −→ Y with ϕ(x ± y) = ϕ(x) ± ϕ(y) and
for x, y ∈ X , a ∈ A, and α ∈ A.
Note that when A acts on itself by algebra multiplication, it is not in general a Banach A-Amodule, as we have not assumed the compatibility condition
If A is a commutative A-module and acts on itself by multiplication from both sides, then it is also a Banach A-A-module. Consider the projective tensor product A A. It is well known that A A is a Banach algebra with respect to the canonical multiplication map defined by
and extended by bi-linearity and continuity [4] . Then A A is a Banach A-A-module with canonical actions. Let I be the closed ideal of the projective tensor product A A generated by elements of the form α · a ⊗ b − a ⊗ b · α for α ∈ A, a, b ∈ A. Consider the map ω ∈ L(A A, A) defined by ω(a ⊗ b) = ab and extended by linearity and continuity. Let J be the closed ideal of A generated by ω(I). Then the module projective tensor product A A A ∼ = (A A)/I and the quotient Banach algebra A/J are Banach A-modules with compatible actions. Also the map ω ∈ L(A A A, A/J) defined by ω(a ⊗ b + I) = ab + J extends to an A-module morphism.
Let
and ♦ be the first and second Arens products on the second dual space A * * , then A * * is a Banach algebra with respect to both of these products. When these two products coincide on ADefinition 2.1. [20] A is called module Arens regular (as an A-module) if A-module homo-
Proposition 2.2. The following statements are equivalent:
Proof. The equivalence of (i) and (ii) is proved in [19, Theorem 2.2].
(ii) ⇒ (iii): Let F, G ∈ A * * and G j J ⊥ −→ G (where the superscript J ⊥ shows the convergence in the weak topology σ(A * * , J ⊥ ) generated the family J ⊥ of w * -continuous functionals on A * * ).
By the proof of the above proposition, we have Throughout this section, S is an inverse semigroup with set of idempotents E, where the order of E is defined by
Then E is a commutative subsemigroup of S, and ℓ 1 (E) could be regard as a subalgebra of ℓ 1 (S), and thereby ℓ 1 (S) is a Banach algebra and a Banach ℓ 1 (E)-module with compatible actions. Here we let ℓ 1 (E) act on ℓ 1 (S) by multiplication from right and trivially from left, that is
In this case, J is the closed linear span of
We consider an equivalence relation on S as follows
It is shown in [19, Theorem 3.2] that if E is totally ordered, then the quotient S/ ≈ is a discrete group. This is a rather strong condition. Let us observe that the quotient S/ ≈ is a group under the weaker condition that E is upward directed. Recall that E is called upward directed if for every e, f ∈ E there exist g ∈ E such that eg = e and f g = f . This is precisely the assertion that S satisfies the D 1 condition of Duncan and Namioka [7] . The bicyclic semigroup is an example of an inverse semigroup with a totally ordered set of idempotents. On the other hand, the free unital inverse semigroup on two generators has an upward directed set of idempotents which is not totally ordered, and finally the set of idempotents of the free inverse semigroup on two generators (say a and b) is not even upward directed (as there is no idempotent majorizing both aa * and bb * ).
If E is directed upward and e, f ∈ E, then δ g − δ f = δ gg − δ gf g ∈ J, and so g ≈ f . Similarly g ≈ e, hence e ≈ f . Now the argument of [19, Theorem 3.2] could be adapted to show that in this case S/ ≈ is again a discrete group.
Proof. 
The last equality follows from [17, Theorem 1].
Module Amenability
Let A and A be as in the above section and X be a Banach A-A-module. Let I and J be the corresponding closed ideals of A A and A, respectively. A bounded map
Although D is not necessary linear, but still its boundedness implies its norm continuity (since it preserves subtraction). When X is commutative, each x ∈ X defines a module derivation Proof. We prove the result for the left identity. For each α ∈ A and a ∈ A, we have (e + J 0 )(a · α + J 0 ) = a · α + J 0 and α · a + J 0 = α · ((e + J 0 )(a + J 0 )) = (α · e + J 0 )(a + J 0 ) = α · ea + J 0 , so e(a · α) − a · α ∈ J 0 and α · ea − α · a ∈ J 0 , also e(a · α) − (α · e)a ∈ J ⊆ J 0 . Therefore
We say the Banach algebra A acts trivially on A from left (right) if for each α ∈ A and a ∈ A, α · a = f (α)a (a · α = f (α)a), where f is a continuous linear functional on A. Proof. Let X be a unital A/J 0 -bimodule and D : A/J 0 −→ X * be a bounded derivation (see [4, Lemma 43.6]). Then X is an A-bimodule with module actions given by
and X is A-module with trivial actions, that is α·x = x·α = f (α)x, for each x ∈ X and α ∈ A where f is a continuous linear functional on A. Since f (α)a − a · α ∈ J 0 , we have f (α)a + J 0 = a · α + J 0 , for each α ∈ A, and the actions of A and A on X are compatible. Therefore X is commutative Banach A-A-module. ConsiderD :
On the other hand, since the left A-module actions on A and X are trivial, Proof. Let X be a commutative Banach A-A-module. Since J · X = X · J = 0, the following module actions are well-defined
therefore X is a Banach A/J-module. Suppose that D : A −→ X * is a module derivation, and considerD : A/J −→ X * defined byD(a + J) = D(a) (a ∈ A). We have
By the above observation,D is also well-defined. Since A has a bonded approximate identity for A, it follows from the proof of [1, Proposition 2.1] thatD is C-linear, and so it is inner. Therefore D is an inner module derivation.
If S is an inverse semigroup with an upward directed set of idempotents E, then E satisfies condition D 1 of Duncan and Namioka, so ℓ 1 (E) has a bounded approximate identity [7] . If (δ ej ) is a bounded approximate identity of ℓ 1 (E), then δ ej * δ s = δ ej * δ ss * s = δ ej ss * * δ s −→ δ s , and similarly for the right side multiplication. Therefore ℓ 1 (E) has a bounded approximate identity for ℓ 1 (S). We use this fact to prove following result, which is the main theorem of this section. Proof. Let us move for a moment to the general case and let N be the closed ideal of A * * generated
Therefore N ⊆ J ⊥⊥ . Hence we may consider J = N and J 0 = J ⊥⊥ in Proposition 3.2 applied to A * * . Going back to the case where A = ℓ 1 (S) and A = ℓ 1 (E), since S/ ≈ is a discrete group, Conversely, if S/ ≈ is finite, then ℓ 1 (S)/J is amenable. Suppose that X is a Banach ℓ 1 (S) * * /Nbimodule and D : ℓ 1 (S) * * /N −→ X * is a derivation. Then X is ℓ 1 (S)/J-bimodule with module actions given by
Consider the linear map φ :
derivation on the amenable Banach algebra ℓ 1 (S)/J, and so it is inner, hence D is inner. Therefore ℓ 1 (S) * * /N is amenable. By Proposition 3.3, ℓ 1 (S) * * is module amenable. 
Consider the multiplication map ω
We want to have a similar result for the module multiplication map. To this end, let us first briefly go over the proof of the above result. We have an isometric isomorphism between the space of bilinear maps from A × A into C and (A A)
The map Ω is then defined by M is the closed ideal generated by elements of the form α · F ⊗ G − F ⊗ G · α for α ∈ A, and F, G ∈ A * * . Define Ω A : A * *
Then for ϕ ∈ I ⊥ and α ∈ A we have
hence Ω A is well-define. Let N be the closed ideal defined in the proof of Theorem 3.4, then we know that N ⊆ J ⊥⊥ , so the map λ :
continuous homomorphism. For a, b, x ∈ A and m ∈ A * * A * * we have the following equalities: 
is a bounded approximate identity of A/J and 
A ( E) · a =ã and E · a = a · E. Therefore E is a module virtual diagonal for A, and by [1, Theorem 2.1] A is module amenable.
We finish by two examples. First we give an example for which A is module amenable but A * * is not. In the second example A * * is module amenable but it is not amenable. Note that in these examples A is not a commutative A-module, as the left action is taken to be trivial. Let C be the bicyclic inverse semigroup generated by p and q, that is C = {p m q n : m, n ≥ 0}, (p m q n ) * = p n q m .
The multiplication operation is defined by
The set of idempotents of C is E C = {p n q n : n = 0, 1, ...} which is totally ordered with the following order
C is isomorphic to the semigroup {e, t, s | se = es = s, te = et = t, st = e, ts = e} .
Consider the equivalence relation ≈ on C defined before Theorem 2.4. Clearly es ≈ se ≈ s. Also since ts and st are idempotents, ts ≈ st ≈ e. Therefore C/ ≈= {s, t, e|st ≈ ts ≈ e, se ≈ es ≈ s} which is the cyclic group generated by s. The element s is not an idempotent, so s is not equivalent to e. If for some k ∈ N, s k ≈ s k−1 , then δ s k − δ s k−1 ∈ J, so δ s − δ e = δ s k t k−1 − δ s k−1 t k−1 ∈ J, therefore s ≈ e, which is a contradiction. Thus C/ ≈ is isomorphic to Z, and hence ℓ 1 (C/ ≈) is amenable. It follows from Theorem 3.3 that ℓ 1 (C) is ℓ 1 (E C )-module amenable. On the other hand, since C/ ≈ is infinite, by Theorem 3.4, ℓ 1 (C) * * is not ℓ 1 (E C )-module amenable.
Next let (N, ∨) be the semigroup of positive integers with maximum operation, that is m ∨ n = max(m, n), then each element of N is an idempotent, hence N/ ≈ is the trivial group with one element. Therefore ℓ 1 (N) * * is ℓ 1 (E N )-module amenable. Since N is infinite weakly cancellative semigroup, ℓ 1 (N) * * is not amenable [9, Theorem 1.3] .
